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Comparing enthalpies among the crystal structures which have recently been determined by experiments or
been predicted by first-principles calculations, we have reconstructed the phase diagram of calcium and found
further high-pressure phases. Our phase diagram predicts that the phase V of an orthorhombic Cmca structure
exists only in a small pressure range narrower than 10 GPa and it transforms to another phase, phase VI of an
orthorhombic Pnma structure. In addition, we found that the phase VI prevails about 20 GPa range and
transforms to still another phase, phase VII of a tetragonal I4 /mcm�00�� structure at 135 GPa and finally takes
the hexagonal-close-packed structure above 495 GPa. Calculated results of the superconducting transition
temperature Tc on the basis of our phase diagram suggest that Tc of 25 K, which is the experimentally reported
highest value in calcium, should have been observed in the phase VI or phase VII, rather than in phase V.
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Interesting pressure-induced structural phase transitions
of calcium have been reported by experimental studies. The
face-centered-cubic �fcc� structure �Ca-I� at ambient pressure
transforms to the body-centered-cubic �bcc� structure �Ca-II�
at 20 GPa and then it transforms to the simple cubic �sc�
structure �Ca-III� at 32 GPa.1 In 2005, by further pressuriza-
tion, the structural phase transitions to the high-pressure
phases Ca-IV and Ca-V were found above the Ca-III phase.2

According to the report, the Ca-III of sc structure transforms
to Ca-IV at 113 GPa and then it transforms to Ca-V at 139
GPa. We recently predicted theoretically the structures of the
Ca-IV and Ca-V via a metadynamics simulation3 based on
first-principles calculations.4 The predicted structure of
Ca-IV and that of Ca-V are a tetragonal P41212 structure
with fourfold helical atomic arrangements and an orthorhom-
bic Cmca structure with zigzag atomic arrangements, respec-
tively. Those structures were very recently confirmed experi-
mentally, by Fujihisa et al.,5 to be very close to the
experimentally determined structures.

The superconductivity in calcium under high pressure is
another interesting property which sets in with low transition
temperature, Tc, above 50 GPa in Ca-III.6,7 The transition
temperature increases linearly with compression and rises
drastically to above 20 K through the structural phase tran-
sition from Ca-III to Ca-IV, and it reaches the highest value
of 25 K at 161 GPa, which is the champion value of Tc in all
elements.7

Such interesting structural phase transitions and supercon-
ductivity in calcium have brought about many first-principles
studies. Very recently other structures have been theoretically
predicted. Yao et al.8 explored the structures of Ca-IV and
Ca-V by quasirandom method and genetic algorithm, and
calculated the superconducting Tc in those structures. They
predicted that the crystal structure of Ca-V is Cmca which is
consistent with our result and the experimental result by
Fujihisa et al. They guessed, however, that the structure of
Ca-IV is an orthorhombic Pnma structure and is not P41212.

From their enthalpy curve of Pnma, which shows that the
enthalpy of Pnma becomes lower than that of Cmca above
117 GPa �see Fig. 1�a� of Ref. 8�, it seems more natural to
consider Pnma to be a structure of a higher pressure phase
above Ca-V rather than Ca-IV.

In another theoretical study, Arapan et al.9 reported a fur-
ther phase transition from Ca-V by applying commensurate
analogs of the incommensurate host-guest structure, which is
observed in scandium phase II, to calcium and comparing the
enthalpy with those of other experimentally observed struc-
tures up to 180 GPa. The space group of Arapan’s structure is
a tetragonal I4 /mcm�00�� with the parameter � defined by
�=chost /cguest, where chost and cguest are lattice parameters
along c axis for a host sublattice and a guest sublattice, re-
spectively. They reported that the enthalpy of I4 /mcm�00��
becomes lower than that of Cmca above 122 GPa and con-
cluded that I4 /mcm�00�� is the structure of Ca-VI.

At lower pressures, Gao et al.10 and Teweldeberhan
et al.11 made a phonon calculation for sc of calcium and
reported that the structural instability of the sc phase below
120 GPa. From eigenvectors of dynamical matrices for
imaginary frequency modes, Teweldeberhan et al. obtained
the mechanically stable structure of an orthorhombic Cmcm
structure. They confirmed that the enthalpy of Cmcm is
lower than that of bcc above 37.5 GPa and it continuously
transforms to Pnma which is predicted earlier by Yao et al.8

as the structure of Ca-IV, above 45.5 GPa.
Very recently Yao et al.12 explored stable structures in the

pressure region of Ca-III using the metadynamics and a ge-
netic algorithm of structural search methods and found a te-
tragonal I41 /amd structure. They confirmed that the structure
has lower enthalpy than Cmcm and becomes the most stable
structure in the pressure range from 34 to 78 GPa.

The papers on these Pnma, I4 /mcm�00��, Cmcm, and
I41 /amd structures were published around same time. There-
fore, the stability among all those structures have not been
fully investigated on the equal footing. Then, in this paper,
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we theoretically study all of these different structures and
experimentally observed structures, reconstruct the phase
diagram of calcium and propose phases above the Ca-V
phase based on the new phase diagram. We also calculate Tc
and discuss the superconductivity comparing the behavior of
Tc between theoretical and experimental results.

In this work, we employed density-functional theory in a
generalized gradient approximation �GGA�. For the
exchange-correlation energy functional in GGA, we em-
ployed the expression by Perdew and Wang14 and used an
ultrasoft pseudopotential �USPP�. For constructing USPP of
calcium, we regarded ten electrons in the 3s, 3p, and 4s
states as the valence electrons. We set the energy cutoff �Ec�
of the plane-wave basis at 40 Ry. We checked the accuracy
of our calculation by comparing the enthalpy differences be-
tween the results using Ec=40 Ry and those using Ec
=80 Ry, and also by comparing the equation of states with
all electron results.15

All the crystal structures investigated in this study
are the following, with the number of the calcium
atoms in the unit cell, Na, and the number of the
k-point sampling in the Brillouin zone, Nk: fcc
�Na=1, Nk=16�16�16�, bcc �Na=1, Nk=16�16�16�,
sc �Na=1, Nk=16�16�16�, hcp �Na=2, Nk=16�16
�16�, Cmca �Na=4, Nk=8�8�8�, Cmcm �Na=4, Nk
=8�8�8�, Pnma �Na=4, Nk=8�8�8�, I41 /amd �Na
=4, Nk=8�8�8�, P41212 �Na=8, Nk=8�8�8�, and
I4 /mcm�00�� �Na=32, Nk=4�4�4�. For the incommen-
surate I4 /mcm�00�� structure, we used the commensurate
analog by setting the value of � at 4/3, which is the most
stable � according to Arapan et al.9 For all the structures, we
ran the structural optimization at each pressure using the

QUANTUM ESPRESSO code16 and compared the enthalpies up
to 200 GPa. We also investigated the hcp structure, which
has not been experimentally observed but can be considered
as the candidate structure of the high-pressure phase.

Figure 1 shows the enthalpies of all the structures relative
to fcc up to 200 GPa. Note that this figure was obtained by
adding the enthalpy curve of I41 /amd, which has been pre-
dicted very recently by Yao et al., to the enthalpy curves of
all the structures examined in our very recent work.13 In this
figure, we confirmed that there is no region of stable sc phase
at 0 K which has been experimentally reported. Instead
I41 /amd appears from 32 to 74 GPa, which is consistent
with the results by Yao et al.12

This discrepancy between the theories and the experi-
ments has been reported by many other studies. In 2008 Gao
et al.10 calculated the phonon dispersion for sc by the use of
supercell method and the linear-response method. As the re-
sults, they reported large imaginary phonon frequencies
along X-M-R and T-M directions in the Brillouin zone in the
pressure range from 40 to 110 GPa. They proposed that ei-
ther the experimental reinvestigation of the sc phase or the
consideration of the anharmonic effect on the phonon fre-
quencies in sc of calcium is needed in order to reconcile the
discrepancies between theory and experiment. After the re-
port by Gao et al., Gu et al.17 experimentally reinvestigated
the structural phase transitions of calcium and reconfirmed
the transition from bcc to sc at 33 GPa, which is consistent
with the previous experimental results. They confirmed that
sc remains stable above the transition pressure.

In another line of theoretical study, Errea et al.18 showed
the importance of the anharmonicity for the stability of the sc
phase by solving Schrödinger equation associated with the
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FIG. 1. �Color� Comparison of the enthalpies among all the
structures studied in the present work up to 200 GPa. The enthalpy
of fcc is taken as the reference. Note that this figure was obtained
by adding the enthalpy of I41 /amd, which has been predicted re-
cently by Yao et al. �Ref. 12�, to Fig. 2�a� of Ref. 13.
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FIG. 2. �Color online� Comparison of the enthalpies among
P41212, Cmca, Pnma, and I4 /mcm�00�� in the pressure region
from 100 to 150 GPa. For I4 /mcm�00��, we used the structure of
the commensurate analog with �=4 /3. The inset shows the com-
parison of the enthalpies between I4 /mcm�00�� and hcp from 300
to 600 GPa.
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imaginary phonon mode at the M point. Yao et al.12 also
studied the stability of the sc phase treating only 4s electrons
as the valence, which is not highly accurate calculation, and
obtained sc as the stable structure at 300 K using the meta-
dynamics at high pressures and finite temperature. These
studies suggest the importance of the anharmonicity, al-
though more complete treatments may be necessary to con-
firm the anharmonic effects on the stability of the sc phase at
low temperature.

The enthalpy of P41212 becomes lower than that of
I41 /amd above 74 GPa. Figure 2 is the closeup of Fig. 1 with
respect to the enthalpy of P41212 from 100 to 150 GPa. In
Fig. 2, P41212 is a very stable structure up to 109 GPa and
then it makes the structural phase transition to Cmca. The
Cmca structure is stable in a very small pressure range nar-
rower than 10 GPa and it transforms to Pnma at 117 GPa.
Above 135 GPa, the enthalpy of I4 /mcm�00�� becomes
lower than that of Pnma. The Cmcm structure, which has
been predicted by Teweldeberhan et al., does not appear in
this entire pressure region.

Furthermore, we investigated how much pressure is re-
quired for I4 /mcm�00�� to transform to another different
structure. We compared the enthalpies between
I4 /mcm�00�� and hcp in the pressure region from 300 to 600
GPa �Ref. 19� �the inset in Fig. 2�, where we fixed the value
of � at 4/3. As the result, the enthalpy of hcp becomes lower
than that of I4 /mcm�00�� above 495 GPa. In addition to
�=4 /3, we investigated the enthalpies for �=6 /5 and
�=7 /5 at 400 GPa and found that the enthalpy for �=4 /3 is
the lowest of the three. The structure with �=7 /5 has the
second lowest enthalpy and its enthalpy difference between
the results for �=4 /3 and �=7 /5 is about 0.6 mRy/atom.
The enthalpy for �=6 /5 is much higher by about 6.0 mRy/
atom than that for �=4 /3. Although we have not investi-
gated so many �’s, the structure with �=4 /3 seems to be the
most stable in very wide pressure range. We do not, however,
exclude the possibility that some other intermediate phases
appear between I4 /mcm�00�� and hcp.

In the present calculation, we obtained the following se-
quence of the structural phase transitions:20

fcc�0 – 3.5 GPa� → bcc�3.5 – 32 GPa�

→ I41/amd�32 – 74 GPa�

→ P41212�74 – 109 GPa�

→ Cmca�109 – 117 GPa�

→ Pnma�117 – 135 GPa�

→ I4/mcm�00���135 – 495 GPa�

→ hcp�495 GPa� .

The P41212 structure, which corresponds to Ca-IV, trans-
forms to Cmca, which corresponds to Ca-V, at 109 GPa and
the pressure region of P41212 is shifted to a lower pressure
region compared with the experimental one. However, we
think that the sequence of the phase transitions by the present
calculations is consistent with the experimental one except
for the sc phase. Actually the structures of Ca-IV and Ca-V
were obtained by our previous work using the first-principles

calculation prior to the experimental determination.4

Based on the phase diagram thus obtained, we predict that
Ca-V exists in the narrow pressure range from 109 to 117
GPa and then it makes the structural phase transition to
Ca-VI of Pnma. In addition, Pnma transforms to
I4 /mcm�00�� at 135 GPa and we predict that I4 /mcm�00��
corresponds to the structure of Ca-VII although the structures
of the high-pressure phases above the Ca-V phase have not
been experimentally reported yet. Figure 3 shows the simu-
lated x-ray diffraction patterns of P41212 at 100 GPa, Cmca
at 110 GPa, Pnma at 120 GPa, and I4 /mcm�00�� at 140
GPa. We set the wavelength, �, at 0.6198 Å. In the diffrac-
tion pattern of Pnma, strong peaks are widely distributed
up to 2�=22°. On the other hand, the number of the peaks
decreases through the structural phase transition to
I4 /mcm�00��.

The transition to the phase Ca-VI is inferred also through
the behavior of the superconducting Tc above Ca-IV. We es-
timated Tc by the use of the Allen-Dynes formula.21 In cal-
culations of phonon frequency, we employed the linear-
response theory in which the first-order corrections are
calculated by means of the density-functional perturbation
theory.22,23 The k-space integrations for the calculation of the
dynamical matrix at each q were performed over the
8�8�4 grid and the 8�8�8 grid for the Ca-IV phase and
the Ca-V and Ca-VI phases, respectively. The
electron-phonon matrix element was calculated using the
32�32�32 k-point grid for three structures. This grid en-
sures the convergence of the k-point sampling with Gauss-
ians of width 30 mRy, which approximates the zero-width
limits with respect to double-delta functions of phonon line
width. For the calculations of the electron-phonon coupling
constant � and the logarithmic-average phonon frequency
�log, we used the 4�4�4 q-point grid. We assumed the
screened Coulomb interaction constant �� to be 0.1.

In our calculation of Tc in Ca-IV, we obtained Tc of 22 K
�Ref. 24� in P41212 at 100 GPa which is near the phase
boundary between Ca-IV and Ca-V in the present phase dia-
gram. This value is very close to the experimental one.7 On
the other hand, in Ca-V, we obtained Tc=19 K at 110 GPa
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FIG. 3. �Color online� Simulated x-ray diffraction patterns of
P41212 at 100 GPa, Cmca at 110 GPa, Pnma at 120 GPa, and
I4 /mcm�00�� at 140 GPa. The wavelength is set at 0.6198 Å.
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and it does not match the experimentally observed Tc in
Ca-V.7 In Ca-VI, Tc is higher than that of Ca-V, which is
consistent with very recent results by Yin et al.,25 and
reaches to 21 K at 120 GPa. By extrapolating Tc of Ca-V and
that of Ca-VI calculated above, we can theoretically obtain
Tc=25 K around the phase boundary between Ca-VI and
Ca-VII in our phase diagram. From this observation, we infer
that the highest Tc of 25 K was observed not in Ca-V but in
the further phase, Ca-VI or Ca-VII, in the experiment.

In summary, we reinvestigated the phase diagram of
calcium at high pressures, taking all theoretically predicted
and experimentally reported structures into account. We
propose phases Ca-VI and Ca-VII. We also propose
that Ca-V is realized in the narrow pressure region of less

than 10 GPa and the highest superconducting Tc of 25 K
experimentally reported is realized in the Ca-VI or Ca-VII
phase.
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